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-. ~ARMY M,,ERIALS AND MECHANICS RESEARCH CENTER

. ~DYNAM!C RESPO NE OF A CONSTRAINED FIBROUS SYSTEM
:- ~SUBJ~l ED TO TRANSVERSE IMPACT

IPART 11: A MECHANICAL MODEL

ABSTRACT

A "finite elempnt" mechanical model, capable of utilizing experimentelly
determined mate:ial propprties, is presented for analyzing the deformation
processes in a finite, constrained flexible filament subjected to transverse
impact.

The model is then used to analyze the results of experimentally (trans-
versely) impacted finite lengths of nylon yarns rigidly clamped at both
ends. The experimental analysis is pi'esented in Part I of this work.

The analysis is used to determine the effects of an elastic foundation
transversely supporting a flexible filament subjected to transverse impact.

Finally, results of a finite element analysis of a transversely impacted
isotropic membrane are presented to indicate the direction for future re-
search.

An appendix is attached which demonstrates the ability to include rate-
dependent material properties in the analyses described above.
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INTRODUCTION

The transient deformation of constrained fibrous systems subjected to
high-speed transverse impact is being studied to gain a better understanding
of the performance of textile and felt materials used for armor systems. A
description of the experimental portion of this program is given in Part I
of this investigation. 1  Although there has been fairly extensive research
into the properties of individual, unconstrained fiber components with trans-
verse impact at ballistic velocities, 2 "5 there has been a singular deficiency
in defining how these properties translate into the system behawior, i.e.,
the constrained fiber including the boundary interactions. The missing in-
gredient has been a mechanical model which can utilize the fiber properties
obtained from a tractable experiment to predict the behavior of the system
under practical conditions. This is essential both for the evaluation of
meaningful armor test conditions and to understand the performance of thefiber vnder in-use conditions as a component of an armor system.

A summary of the experimental program in Part I of this work1 is given
below. The "finite element" mechanical model is then developed and used to

predict and analyze the experimental results cbtained for the simple con-
strained fiber system. More practical constraints are then applied to
demonstrate the ability to perform the analysis for diverse physical situa-
tions. These include the effects of an elastic foundation resisting deforma-
tion a-id the impact of an isotropic membrane.

An appendix is attached which demonstrates the ability to include rate-
dependent material properties in the models described above.

SUMMARY OF EXPERIMENTAL RESULTS

f Te experimental program detailed in Part I of this work1 was developed
for obtaining fiber properties under impact conditions and studying how a
simple constrained system using these fibers would behave. Figures 1 and 2
illustrate the type of results obtained from this experimental program.

Figure 1 is a photograph taken with several flash exposures indicating
the gross deformation caused by a missile transversely impacting the con-
strained system of a low-tenacity nylon yarn bundle rigidly fixed at both
ends. There is symmetry about the point of impact; therefore, only the upper
half of the yarn bundle is shown. From results such as these, for very short
times after impact, before the deformation processes interact with the bound-
aries, a dynamic stress-strain curve can be obtained for the fibers. 4  This
stress-strain curve will be some average value over the rates involved in
obtaining the data; the true viscoelastic relationships are considered in
Reference S and the appendix. For longer times after impact, after at least
one reflection of the transverse displacement wave, an "average" stress-strain
curve over somewhat lower rates may be obtained. 3

Figure 2 is a plot of the energy lost by the projectile, which impacts and
breaks the constrained fiber system, as a function of the impact velocity.
The energy is expressed per unit mass of the fiber between the clamps.
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Figure 1. TYPICAL PHOTOGRAPH OF IMPACTED YARN BUNDLE SHOWING DEFORMATION AND RUPTURE,
Bundle contain- 4 yarns of low tenacity ny!cn 6/6. Impact velocity 341 feet per second. Time of 325 microseconds
Aetween flash exposuies.
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Figure 2. ENERGY STORED IN HIGH TENACITY NYLON FIBER SYSTEM VERSUS TRANSVERSE IMPACT
VELOCITY.' Velocity regime I: quasi-static fiber response negligible wave propogation effects; material pronerties
from method ;n Ref. 3. Velocity regime I1: dynamic fiber-system response, important wave-boundary interactions;
material properties from method in Ref. 4. Velocity regime IIt: dynamic fiber response rate-dependent contiderations
become important and boundary effects are negligible.
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It is now necessary to develop a mechanical model in order to explain how
.- Ii V.F -, -- ~ ' -b- " i'~ ned as ,.tnIKia

late into the fiber system behavior indicated in Figures 1 and 2.

THE METHOD OF ANALYSIS

Background

The mechanical model, which appears to satisfy the requirements for
analyzing constrained fibrous ;ystems, is a modification of the "direct analy-
sis" of waves in elastic media ieveloped by Mehta, Koenig. and Davids. 6 , 7

The modeling and subsequent "direct analysis" using physical laws in an
incremental form, rather than differential equations, constitute what has
become known as "finite element" analysis. In conventional mathematical
procedures, differential equations are derived from the physical laws and
an attempt is then made to solve these equations subject to appropriate
initial conditions and boundary conditions. For problems as complex as
these considered here, the differential equations must be solved by numeri-
cal methods, and even then the numerical techniques are often quite complex
mid may not be tractable.

ln the finite element analysis the differential equations are regarded
as dispensable and the physical laws are used directly to effect changes

in the system that adhere to these laws (e.g., conservation of energy,
momentum-impulse balance, and material constitutive laws).

The main advantages of this analysis are that it is easier to model the
physics of the problem, i.e., system constraints, and experimentally measured
or observable behavior, and the subsequent numerical procedure is more di-
rect and efficient.

Procedure

The procedure follows the development of Koenig and Davids. 7

The fiber system is divided into finite lengths (AL) of flexible (i.e.,
no shear or bending rigidity) filament (see Figure 3). The physical laws
are then written in incremental form for a typical finite element:

The impulse-momentum balance, relating the velocity vector (V-) and ten-
sion per lineal density (T/m) over an increment of time (At) is

1n(J4 ,06 t. (

The strain (E) - velocity relationship is

A=L

3
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Figure 3. TYPICAL FINITE FLEXIBLE ELEMENT

The tension (per lineal density) - strain constitutive law utilizing
the modulus per lineal density (E) is

AT(j)=[ W 6 ) 3

Equations (1), (2), and (3) completely state the problem of traveling
waves, in a bounded, elastic, ideally flexibl-. filament, when combined with
appropriate boundary conditions. These formulations may be used directly
in a computer code.

In order to insure stability of the calculations it is convenient to
define the element size-time increment relation which conserves energy in
the propagation of the leading wave disturbance (ip this case, longitudinal
elastic waves propagating at the velocity Co = (Eo)1/2, where Eo is the
modulus per lineal density (e.g., grams per denier) of the steepest portion
of the tension-strain curve):

At > AL/Co.

The element size is arbitrary. yet assures that a further reduction in
size will not yield any significant change in the resulting solution of the
problem.

The boundary conditions and physical parameters are specified; then
equations (1) - (3) are applied sequentially to each element from the
impact point to the boundary for one increment of time. This step is re-
peated to yield an accumulated solution after each further increment of
time.

It should be noted that no specific operations are required tc deal
with reflected waves. The reflected longitudinal waves are automatically
generated simply by specifying the appropriate boundary conditions. Simi-
larly, transverse deflection waves are automatically generated in order
that the system response adheres to the governing physical laws.

4



!I Elastic Foundation

In order to simulate the effect of the support which the hLuan body pro-
vides for a simple fiber system, a transverse resistive force (R) is applied
to the filament proportional to the transverse displacement (y), R = Ky.
Similarly, air drag, R = D.Ay/At, or other such forces could easily be added
without increasing the complexity of the analysis.

Membrane Analysis

As a further step in simulating how more practical fibrous systems behave,
a finite element model for the transverse impact of an isotropic membrane (a
first approximation to a sheet of fabric) is now developed.

The membrane is divided into finite s~nti-annuli as shown in Figure 4.
The physical laws are then written in incremental form for a typical finite
element. The treatment of cylindrical elastic waves in Reference 6 follows
a similar development to the following.

I V

:1h F% element L

• L r
U tVtCr

V 41

4, 17 L+,!Iv4- rn' =P (r2(iL+I)-r2 i))2 r -

vL + 1 
2

Figure 4. TYPICAL FINITE FLEXIBLE MEMBRANF ELEMENT
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lTh e impulse-momentum balance relating the particle velocities (u,v) in
the r,y directions, the radial (a.) aPd circumferential stresses (o&.) and
the denisity ;,P) per unit volume are derived by first considering the motion
of the center of gravity of the semi annulus [VK(C.q.)1V,(C.9)]
in the x and y directions, caused by the net forces(T F.,Fy ) in these
direct iots:

O)-AV,(c-S.) = FA, At,
rW .A•u (C.9.) = UR AAt

The velocities of the center of gravity must now be related to the element
particle velocities. The element ,moving from radial position r to r+Ar has
its center of gravity moved fromF to " in time At therefore&V•ic.)-)=
-Ar. But, the particles along a radius of the element move from r to r4*r

týAerefore, A Lt=Ar-. The relation between the particle velocity in the r-
directiom and thet cnter of gravity motion in the x-direction becomes
Ate=•U &( .C.) . The particle velocity in the y-direction is identical
to the velocity of the center of gravity in the y-direction,6 vyL(.g).

Therefore, the impulse-momentum bala..ces, relating the particle veloci-
ties (u,v), the radial and circumferential stresses, and the density per
unit volume (where oa is the slope of the membrane with respect to the ori-
ginal plane) are:

Au. =fcrr(j I) ÷ ) r( c'+ •) c~os[o((i + l]-o' r(i r)cos[,%(U ]

+ aV(O[r( -r(('+W]- W0 t//1r12C+i)-r2( ,

AV ={ %r( i + )r(€+i) sinl[o(( t+i))

- o.(i/ rt() sn (cw']} 2t ,t//.[rkL'(+j)- r2()].

The radial (Er) and circumferential(Ea ) strain-velocity relationships
using the resultant particle velocity vector V and radial particle velocity
for an element length AR are:

Ir() zj((*+-•() Ut Oa(') (6)
AR a r(e) I

The stress-strain constitutive li.w using the tensile modulus (E) and
P,.isson's ratio (v) is

A%(L) (I 2  VA Er(* ] f
(Computations show that iO would become negative. Therefore, a condition
for buckling is stipulated. If Oa tries tc go negative,Oro is set equal
to zero in the constitutive relations above. In addition, the excess
material (circumferentially) in the buckling zone (slack) is continually
accounted for, and reloading must first take up the slack.)



Equa a (Z,. (6), andf7 co -•-letaly state the problem of traveling

waves in an elastic, ideally flexible membrane allowing for circumferen-
tial buckling, when combined with appropriate initial conditions and bound-
ary conditions.

In order to insure stability of these calculations the element size-
time increment, relation at a> A RX.'~ was used, where Co=[E0/JF(J-V2')] *F2
(Eo is the highest value of tensile modulus corresponding to the strain

magnitudes encountered ir the deformation process).

RESULTS OF THE ANALYSIS

Transverse Impact of a Linear Elastic Filiaient

The following computations utilize a linear approximation of the stress-
strain curve obtained by Smith4 for a high tenacity nylon yarn. The fiber
studied by Smith appears to be quite similar to the high tenacity nylon yarn
used in the experimental phase of the present work. 1

Figure 5 illustrates typical cowputed results for the longitudinal
strain distribution at various times after impact in a linearly elastic
fiber subjected tb transverse impact. The reflection of waves at the bound-
ary are automaticalty accounted for, simply by specifying the fixed boundary
velocity to be zero. Note that there is an interaction oetween the longi-
tudinal strain wave and the transverse filament deflection at approximately
110 psec which causes a certain percentage of the strain to continue propa-
gating along the filament towards the impact point wrd eveptually reflecting
back again, and a certain percentage to be reflected back towards the fixed
boundary as a tension pulse.

Figure 6 illustrates the transverse filament displacement history asso-
ciated with the longitudinal strains described in Figure 5.

The above computations, eren though based on an approximate linear
stress-strain behavior, shou remarkable agreement with the experimental
results (such as those shown in Figure 1, for high tenacity nylon yarn).
There is agreement on the shapes of the transverse displacement wave be-
tween Figure 1 and Figure 6. This is evident in the configurations of the

Milament after successive reflections of the transverse wave, as indicated
in the 261 and 391 usec displays and the bend in the 130 psec curve at
X=2.5 cm, which is caused by substantial differences in tension level across
the longitudinal wave front at that position (see Figure 5). In addition
there is quantitative agreement in the measured and predicted velocities of
the leading edge of the transverse displacement wave and with the projectile
energy losses discussed below.

Explanation of the Experimental Results for Projectile Energy Loss

An explanation of the experimental curve of projectile energy loss as a
function of striking velocity in Figure 2 can be obtained by applying the
above results to resolve the amount of kinetic and strain energy stored in

.7
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the fiber system. The shape of the curve is the result of either the strain
energy or the kinetic energy of the fiber playing the dominant role at dif-
ferent impact velocities.

It is convenient to consider three velocity regimes over which the means
of obtaining material properties and the manner in which the fiber-system
are quite different:

Regime I corresponds to a quasi-static fiber deformation where multiple
wavereect'ions have averaged out the velocity and strain fields and wave
propagation effects are negligible. The material properties for these rates
of deformation are most conveniently obtained by techniques outlined in
Reference 3. The transverse velocity distributions are fairly linear from
zero at the fixed bour.dary to the value of the projectile velocity at the
impact point. At low velocities the kinetic energy of the fiber is negli-
gible compared to the strain energy stored in the fiber at break. As the
velocity approaches zero, the curve asymptotically approaches some breaking
strain energy associated with the moderately high rates of loading experi-
enced by the fibers in this regime. As the impact velocity increases,
kinetic energy increases as the square of the velocity and becomes a major
part of the energy stored in the fiber system.

Re ime II corresponds to a truly dynamic ste response in the sense
that t e wave-boundary intera:tions cause the peaing energy absorption
effect shown in Figure 2. The material properties for these rates of de-
formation are most conveniently obtained by techniques outlit:ed in Reference
4. A given impact velocity causes a specific amount of initial strain in a
given fiber. The strain builds up, upon reflection (as illustrated in
Figure 5), until the breaking strain is reached after a certain period of
time. If this time corresponds to the time it takes for the transverse
deflection wave to just reach the botmdary (e.g., between 217 and 261 Psec
in the situation illustrated in Figure 6), then the condition of maximum
fiber kinetic energy (the entire fiber having a transverse velocity close
to the impact velocity) and the condition of maximum strain energy coincide,
giving rise to the peak energy absorption. At higher Lpact velocities the
breaking strain is attained before the entire fiber is involved in trans-
verse motion, so again the kineti'c energy contribution drops off.

Legime III corresponds to a purely dynamic fiber response, in the sense
thathieti"iral strains are close to the breaking strains and the fiber
breaks almost upon impact before any wave disturbance reaches the bound-
aries. Rate-dependent effects play a major role in the deformation mechan-
isms at these high rates. Considerations in Reference 5 and the appendix
must be employed to arrive at a reasonable representation of the rate-de-
pendent material behavior. Since less and less fiber is involved in de-
formation the energy absorbed decreases to zero.

9
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Impact of Filament with Non-Linear Material Properties

Figure -illustrates typical results for the longitudinal strain distribu-
tion in a fiber with a non-linear stress-strain curve subjected to transverse
impact. Comparison with analytical results of Smith, et al.,4,5 are also
shown.

"lIhe initial steep wave front of the 1% strain is due to the fairly linear
nature of the "r-e curve up to 1%. Note that the finite element solution
(open circles) leads the analytical predictions because of a slightly higher
value of initial modulus used in the finite element analysis. The curved
portion is due to the gradual decrease of modulus with strain amplitude and
the steep rise to the plateau is due to the linear nature of the T-e curve
at higher strain levels. There is also a slight dip in the T-e curve which
might mean that a weak shock wave has been formed in this steep rise to the
plateau region.

Impact of Filament on Elastic Foundation

Figure 8 illustrates the longitudinal strain caused by transversely
impacting a linear elastic fiber system backed up by an elastic foundation.
The particular foundation stiffness chosen for illustration is quite high
(K=5O,000 grz-'s/cm of fiber length/cm of deflection) and represents an ex-
treme situzrrit-n. The fiber properties are again the linear approximation
of high tenacity nylon. Comparison should be made between Figure 8 and the
results in Figure 5 for the same fiber, without backup, impacted at the same
velocity. Experiments 1 have shown that the breaking strain for this fiber
is appro'.imately 12.5%. The strain concentrations (Figuare 8) near the impact
point, resulting from the restraining action of the foundation, cause the
fiber to reach breaking strairs after only 38 usec. Ihe strain history in
the fiber without backup in Figure 5 extends to only 130 Usec after impact.
Analysis of the subsequent strain history predicts that the breaking strain
of 12.5% is attained after 230 psec and that the strain distribution along
the fiber at that time is fairly uniform: 11%±1.5%. The average strain at
break in the fiber is less than 4% (see Figure 8). Accordingly, the strain
energy stored in the backed fiber is less than 15% of that stored in the
fiber without a foundation. The kinetic energy of the backed fiber is aiso
less than 15% of the unrestrained fiber kinetic energy at break since less
than 2 cm of fiber is involved in transverse zotion at 38 usec and the entire
fiber is involved at 230 psec (see Figure 6).

This marked change in performance, when the deflection of the textile
fiber is restricted, indicates that there is a need to study the consequences
of the constraining effect of the body on the in-place armor system and that
there might be a need to specify some deflection criteria for flexible armor
systems.

This case also illustrates the versatility of the analysis to handie
easily resistive forces which cause horrendous mathematical complexities in
an analytical solution.

10
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velocity of 308 M/se!. Finite r;lement analysis o o a ve!ocity = 334 M/sec. Elastic foundation K
analytical result--. (stiffnes;) = 50 X 1O3 gm/cm2

Transverse Impact of a Flexible Membrane

Figure 9 illustrates the radial .nd circumferential stresses produced in
a membrane or 2-dimensional sheet of flexible material for various times
after transverse impact.

Note that circumferential buckling occurs during the propagation of the
stress waves prior to reflection at the boundaries. The buckling is caused
by the fact that material is being fed into a smaller annular space at a
rate which is faster than the buildup of radial tensile stress and the asso-
ciated circumferential Poisson contraction which is required to take up this
additional material,

The subsequent stress history, not illustrated here, predicts the effect
of wave reflections from boundaries. The boundaries have a much less dra-
matic effect than they do in the fiber problem since the stress and strain
amplitudes have decayed considerably with distance propagated. H~owever, the
reflected stress wave does bring the circumferential stress into tension.

This is the first iigorous model to be presented which can predict the
transient deformation of a membrane subjected to transverse projectile

S-impact.

I

11



0ol. ,

O04?

001
0 4 6 6 10 12

16 r(CM)Figure 9. CALCULATED STRAIN DISTRIBUTION
14 IN AN IMPACTED FLEXIBLE MEMBRANE USED
,2 AS AN APPROXIMATION TO THE RESPONSE

46,Sec OF A NYLON TEXTILE FABRIC. Nylon material
Et properties: 'Young's modulus E = 40 X le• gm/cm,!
3 oe- Poisson's ratio v = 0.35; density p = 1. 15 9m/cm,!

0 !2 th.ickntm 71 = 0.005 cm. Impact veIlocity = 100 M/sec.
0 06 a. Radial %•tresses versus radial distance from impact.
tbo41 b. Circumferential suess versus radial distance from

02•c.,•, - impact.

001 .. .. ,
0 2 4 6 a i0 12

~-- IC

CONCLUSIONS

A "finite element" mechanical model, capable of utilizing experimentally
obtained material prop rties, has been developed for analyzing the behavior
of a constrained fiber system when subjected to transverse impact.

The model has been applied successfully to the following transverse im-
pact problems: (1) the prediction and interpretation of experimental re-
sults of transversely impacted finite lengths of nylon yarns rigidly clamped
at both ends; (2) the impact of infinitely long fibers with non-JP:ear ma-
terial properties and the comparison of results with published theory; (3)
predictions of strain concentrations caused by an elastic foundation trans-
versely supporting a fiber subjected to impact; and (4) the transient de-
formation of an isotropic membrane subjected to projectile impact.

In view of the versatility of the finite element analysis, as indicated
in the filament applications cited above, it appears reasonable to expect
that further effort will yield improvements in modeling the physics of an
actual fabric system and ultimately provide a viable wodel for predicting
the response of the in-place anisotropic fabric or felt armor system sub-
jecte" to transverse impact.

12
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Appendix. LINEAR VISCOELASTIC, EFFECTS

In the analyses outlined above, the material ?v.perties were assumed to
be rate independent. In one of the latest papers by Smith 5 the strain
distribution along the fiber was measured experimentally. The marked dif-
ferences illustrated in Figure A-I between these results and the analytici
results such as depicted in Figure 7 of the main text were attributve (ac-
cording to an excel!ent physical argument) to viscoelastic effects.

The finite element model was, therefore, modified to accept a general
type of stress relaxation modulus which can be expressed analytically as:

T(:.j) I. Al

This convolution integral was integrated by finite differences in order
to be cast into a form amenable to the finite element model analysis follow-
ing the procedure in Reference 8. Integrating the equation by finite dif-
ferences in equal time increments t(i) (i=l,2,3,...,n+l) where t(l)=0 and
t(n+l)=t and using the notation

T(n+l) =_ T (At(n+l))
E(J,n+l) = E(7,t(n+l)) A2
E(n+i) = E(t (n+l) }

the stress-strain relations become:

TO) E0 EMA3T(2)= E(2 f •EW.E 2) M
nn . 1) = E ½ + 0+EM) 4-E () - P -EC 2)] -3)A1

The only modification required in the analysis is to keep track of the
strain history of each element £(•,n+l) and compute the current stress ac-
cording to the above equations (A3).

The problem of transversely impacting the linearly elastic filament as
shown in Figure S was reconsidered, using a linear relaxation modulus vary-
"ing tcom 100 gm/denier to 60 gm/denier in 40 usec as shown in the insert to
Figure A-2.

Figure A-2 shows the results of the rate-independent finite element
model vs the linear viscoelastic model. The particular relaxation tiTle
used was based on some of the qualitative arguments by Smith et al. 5

The results qualitatively agree with the results of Smith et al illustrated
in Figure A-1 and tend to prove his contention that there is a distinct re-

* laxation process on the order of SO usec in the subject nylon fiber.

A slight modification of the program to account for non-linear stress
strain curves exhibiting relaxation behavior is now needed. These modifica-
tions, along with more judicious interpretation of the "rate-independent"
moduli obtained by Smith et al., 4 should provide a model capable of pre-
dicting very accurately the detailed strain distribution (Figure A-l) in
textile fibers caused by transverse impact.

13
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SUBJECTED TO TRANSVERSE IMPACT
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analysis is presented in Part I of this work.

The analysis is used to determine the effects of an elastic foundation trans-
versely supporting a flexible filament subjected to transverse impact.

Finally, results of a finite element analysis of a transversely impacted iso-
tropic membrane are presented to indicate the direction for future research.

An appendix is attached which demonstrates the ability to include rate-dependent
material properties in the analyses described above. (Author)
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